Introduction
In the present work we are dealing with the following fractional time delay system,
where X ( ) ∈ R U( ) ∈ R ,E( ) F ( ) G( ) are matrices with compatible dimensions with vectors X ( ) and U( ) . Here The problem is to find X ( ) 0 ≤ ≤ T satisfying Eqs. (1), (2) while U( ) is given as an input. In this article we try to find an approximate value for X ( ) by means of Legendre multiwavelet collocation method.
Fractional order dynamics appear in several problems in science and engineering such as, viscoelasticity [1, 2] , bioengineering [3] , dynamics of interfaces between nanoparticles and substrates [4] , etc. It has also been shown that materials with memory and hereditary effects and dynamical processes including gas diffusion and heat conduction in fractal porous media can be modeled by fractional order models better than integer models [5] . Fractional control problems have also been under development in the recent years and there exist several publications in this field such as [6] [7] [8] . Fractional time delay systems have also been in center of attention of some authors. In [9] authors have discussed on existence and uniqueness of solution for fractional delay systems. In [10] and [11] the stability of the fractional delay systems is discussed. As interest in fractional type of models increases, necessarily demand for accurate and reliable numerical techniques increases also. Very little work has been done in the area of the numerical simulation of fractional delay control problems. Here in this paper we present a numerical method based on Legendre multiwavelets for solving problems of the form (1), (2) . The reason we formulate our problem in the Caputo fractional derivative sense is that the Caputo derivative has good physical interpretations. For example the derivative of a constant is zero or in formulation of practical problems the initial conditions are formulated in terms of integer order derivatives, which can be interpreted as initial position, initial velocity, etc.
Wavelets theory is a relatively new and emerging area in mathematical research. It has been applied in a wide range of engineering disciplines: particularly, wavelets are very successfully used in signal analysis for waveform representation and segmentations, time-frequency analysis, and fast algorithms for easy implementation [12] . Wavelets analysis possesses several useful properties, such as orthogonality, compact support, exact representation of polynomials to a certain degree, and ability to represent functions at different levels of resolution [13] . Moreover, wavelets establish a connection with fast numerical algorithms [14] .
In the present work we use Legendre multiwavelets together with collocation method for solving fractional delay systems. The method consists of expanding the solution by Legendre multiwavelets with unknown coefficients. The properties of Legendre multiwavelets together with collocation method are utilized to evaluate the unknown coefficients and find an approximate solution for X ( ) in Eqs. (1), (2) . We refer the interested reader in the subject of multiwavelet collocation method to [15, 16] .
The article is organized as follows: In section 2 we give a brief description in fractional calculus. In section 3, we describe the basic formulation of wavelets and Legendre multiwavelets required for our subsequent development. Section 4 is devoted to the solution of Fractional delay systems presented in Eqs. (1), (2) . In section 5, we demonstrate the accuracy of the method by considering some test problems. Section 6 consists of a brief summary.
Some preliminaries in fractional calculus

Definition 1.
A real function ( ) > 0 is said to be in the space C µ µ ∈ R if there exist a real number (> µ) such that ( ) = 1 ( ) where 1 ( ) ∈ C [0 ∞) and it is said to be in the space
The Riemann-Liouville fractional integral operator of order α ≥ 0 of a function ∈ C µ µ ≥ −1 is defined as:
Definition 3.
The fractional derivative of ( ) in the Caputo sense is defined as follows,
In problem (1-2) we consider 0 < α ≤ 1 so we have the following derivative operator,
Properties of Legendre multiwavelets
Wavelets and Legendre multiwavelets
The definition of the Legendre multiwavelets functions on the interval [0 T ) is as follows [17] , , and ∈ [0 T ), the time. Here, P ( )s are the well-known shifted Legendre polynomials of order which are defined on the interval [0 1], and can be determined with aid of the following recurrence formula:
Function approximation
First we refer to the following theorem which demonstrates an upper bound for the error arising in the approximation of functions with the Legendre polynomials.
Theorem 4.
Let the function be times continuously differentiable. Let,
Proof. [18] .
A function ( ) defined over [0 T ) may be expanded as,
where can assume any positive integer. If the infinite series in Eq. (11) is truncated, then Eq. (11) in approximated form can be written as,
where can be calculated from,
Ψ( )
Using the Legender multiwavelet basis we will have two degrees of freedom which increases the accuracy of the method. One of these parameters is the argument and the other is M which corresponds to the number of elements of the Legendre basis in every subinterval
The following lemma presents an upper bound to an estimate of the error.
Lemma 5.
Suppose that the function
Proof. We divide the interval [0 T ] into subintervals
which the restriction of C T Ψ is a polynomial of degree M that approximates with the minimum mean error bound. We then use the maximum error estimate for the Taylor expansion of order M for on
Now we let
and by taking the square roots we have the above bound. Here * denotes the Taylor expansion of and we have used the well-known maximum error bound for the Taylor expansion.
Solution of linear fractional order time-delay system
Consider the problem (1), (2),
where
Now we determine dilation parameter such that τ = T for = 1 L and approximate X ( ) = ( 1 ( ) ( )) in the form of truncated series by multiwavelets (8) as follows:
and we consider˜ ( ) =
and for 0 ≤ ≤ − 1
Now rewrite system (20) as
In order to determine coefficients , 0 ≤ ≤ − 1, 0 ≤ ≤ M, 1 ≤ ≤ , we construct an algebraic system of (M + 1) unknowns and (M + 1) equations (27-29) in such a way that collocate remainder R( ) in the nodes
guarantee initial conditions of the system (20) and also provide continuous solution for the problem.
By solving the system of equations (27 -29) we determine coefficients of series (23). We mention that equations (27) guarantee initial condition of the system (20), (21) and equations (28) provide continuous approximate solution for the system.
Test problems
Example 6.
Consider the following delay fractional system:
where the input is,
The exact response of the system in the case of integer order is given by, 
where,
and,
We construct system of algebraic equations (27-29) for this problem as follows,
then by solving the system (38 -42) we determine coefficients of the series (35). For when α = 1 by solving above system we achieve, 
Example 7.
Consider the following multi delay fractional system: We construct system of algebraic equations for this problem as follows, 
By solving the system (54 -59) we determine coefficients of the series (50). For when α = 1 by solving above system we achieve, Figure 3 it is obvious that when α tends to 1 the solution tends to the exact solution in the case of α = 1. For the case of α = 0 8, Figure 4 shows approximate solutions of the problem for M = 3 5 and 7 and Table 2 shows the values of the remainder R( ) in some fixed points in the domain of the problem for different values of approximations. Considering Examples 6 and 7 it is observed that satisfactory results are achieved using only few elements of Legender multiwavelet. This fact demonstrates efficiency of the proposed method.
Conclusion
In this article the properties of the Legendre multiwavelets together with collocation method are applied to solving delay fractional systems. With this method we reduce the problem to the problem of solving a linear system of algebraic equations. Illustrative examples are included to demonstrate the validity and applicability of the technique. As shown, with only small number of Legendre multiwavelets we can obtain satisfactory results.
